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Abstract. Since some years, non-overlapping sets of strings (also called
cross-bifix-free sets) have had an increasing interest in the frame of the
researches about Theory of Codes. Recently some non-overlapping sets
of strings with variable length were introduced. Moreover, the notion
of non-overlapping strings has been naturally extended to the two di-
mensional case leading to several definitions of non-overlapping sets of
matrices (or pictures).
Starting from these results, in this paper we introduce non-overlapping
sets of binary matrices having variable dimension. Indeed, we use non-
overlapping variable length strings as rows of the matrices and imposing
the avoidance of two consecutive patterns of length k, we get the desired
sets of non-ovelapping matrices with variable dimension.
1 Introduction
Given a finite alphabet Σ, a set S ⊂ Σn, containing strings of length n,
is called cross-bifix-free or non-overlapping if any two strings u, v ∈ S (the
case u = v is allowed) are such that any proper suffix of u is different from
any proper prefix of v and vice versa (also the two strings u, v are called non
overlapping or cross-bifix-free). Several non-overlapping sets of strings have been
defined in literature with different characteristics. For example, in [17] the non-
overlapping strings are binary strings and their definition involves Dyck paths,
while in [10] the alphabet is not necessarily a binary alphabet and the strings
are defined via Motzkin paths. The set we can find in [19] is constituted by
strings which avoid a particular consecutive pattern, while in [18] the author
investigates on the cardinality of certain sets depending on the length of the
strings and the cardinality of the alphabet. In all the cited papers, the strings
of the non-overlapping sets have the same length. Nevertheless it is possible to
define non-overlapping strings with variable length [16]. Herein, two different
two different sets of non-overlapping strings are defined.
The notion of non-overlapping strings can be naturally extended to the two
dimensional case by means of matrices (or pictures): any two of them A,B (the
case A = B is allowed) do not overlap if it is not possible to move A (B) over B
(A) in a way such that the corresponding entries match. Also in this case, it is
possible to find different kinds of definitions of non-overlapping sets of matrices,
as in [6],[7],[8], or several deep and interesting investigations about some their
2properties ([1,2,3,4,5] and all the references therein). In particular, in [1] the role
of the frame of the matrices is deeply analysed, showing that it is possible to
generate a corss-bifix-free set of matrices simply framing with a suitable frame
any matrix of a given set. The approach used in[6],[7],[8] is different: here the
matrices are constructed by imposing some constraints on their rows which have
to avoid some particular consecutive patterns or must have some fixed entries
in particular positions. The matrices of the sets defined in all the above cited
papers have the same fixed dimension.
In this work, we move from variable length non-ovelapping sets of binary
strings as defined in [16] in order to define non-overlapping sets of binary matrices
having variable dimension. Essentially, the strings are used to fill the rows of the
matrices and, in a first approach, they have to avoid two particular consecutive
patterns of length k. More precisely, fixed m,n > 0, we define (non-overlapping)
matrices having at mostm rows and at most n columns. Actually, the number of
columns must be at least 2k + 3. The cardinality of the sets of non-overlapping
matrices defined in this first way is easily determined since it strictly depends
on the cardinality of the used sets of strings [16].
Furthermore, we use a different set of variable length non-overlapping strings
defined via Dyck paths. A set of non-overlapping matrices with variable dimen-
sion is defined and also in this case the cardinality is analysed.
Probably, the first natural application of non-overlapping sets of strings is
in the theory of codes. We recall that a set of non-overlapping strings with the
same length surely is a code (uniform code) with the further property that any
two strings do not overlap. This fact has been used in the digital communication
systems to establish and maintain a connection between a receiver and a trans-
mitter. Secondly, the avoidance of overlaps in strings is a fundamental point in
the context of string matching, compression and synchronization problems. On
the other side, the increasing interest for digital image processing is the reason
why many works on the theory of two-dimensional languages have appeared, and
where non-overlapping sets of matrices are framed. Maybe, a possible (future)
application of this kind of sets is in the template matching which is a technique
to discover if small parts of an image match a template image.
2 Preliminaries
We first briefly recall the construction of the set of non-overlapping strings
with variable length [16] which is the starting point for the construction of our
set of non-overlapping matrices with variable dimension.
Definition 1. Two strings u, v, possibly the same, are said non-overlapping
(or cross-bifix-free) if any proper prefix of u is different from any proper suffix
of v, and vice versa.
In the case u = v, the string u is said self non-overlapping (or bifix-free).
Definition 2. A set of strings is said non-overlapping (or cross-bifix-free) if
any two elements of the set are non-overlapping strings.
3Let Σ = {0, 1} be the alphabet we are going to use. We also fix k ≥ 3.
With 0k and 1k we indicate the strings constituted by k consecutive 0’s and k
consecutive 1’s, respectively. With Av(0k, 1k) we denote the set of binary strings
avoiding the forbidden patterns 0k and 1k, and |u| denotes the length of a binary
string u.
We consider the set V i,(k) of strings with length i ≥ 2k + 2:
V i,(k) = {1k0u10k|0u1 ∈ Av(0k, 1k), |u| ≥ 0} ,
containing strings v = v1v2 . . . vi starting with k consecutive 1’s followed by a
0, ending with 1 followed by k consecutive 0’s, and avoiding 0k and 1k in their
inner part (from the k + 1-th letter to the k + 1-th to last letter).
Fixed n ≥ 2k + 2, the strings with length at most n are collected in a set:
V(k)n =
n⋃
i=2k+2
V i,(k) .
Clearly, the strings in V
(k)
n have different lengths as soon as n 	 2k + 2. The
following proposition holds:
Proposition 1. The set V
(k)
n is a non-overlapping set of strings.
In Figure 1 the set V
(3)
13 containing the strings with length from 8 to 13 are
showed.
n = 8 11101000 n = 12 111010011000
n = 9 111011000 111011011000
111001000 111011001000
n = 10 1110101000 111010101000
1110011000 111010011000
n = 11 11101101000 111001101000
11101001000 111001001000
11101011000 n = 13 1110011011000
11100101000 1110010011000
1110011001000
1110010101000
1110110011000
1110110101000
1110100101000
1110101101000
1110101011000
1110101001000
Fig. 1. The set V
(3)
13
An interesting property of the strings belonging to V
(k)
n is contained in the
following corollary:
4Corollary 1. A string u ∈ V
(k)
n can not be a factor of a string v ∈ V
(k)
n , for any
two strings u, v.
Note that Definition 1 does not forbid the case excluded by the Corollary.
For example u = 1110110000 and v = 11011000 are two non-overlapping strings,
but u = 1v0.
3 Non-overlapping matrices
A rigorous definition of overlapping matrices can be found in [1,4] or in [7].
Nevertheless, for our purpose, it is enough to describe them as follows: given
two matrices over an alphabet Σ, we start from a configuration where they are
placed in a way such that their top left corners coincide. By moving the smaller
one down, or right, or both, if the entries of the smaller matrix coincide with
the one of the bigger matrix, we have two overlapping matrices. If not, they are
non-overlapping matrices.
In Figure 2 some couples of matrices (with the same dimension) are presented
which overlaps in three different ways. In the first case we say that they present
a horizontal overlap, in the second one they present a diagonal overlap, finally
in the third case they present a vertical overlap.
0 1 0 1 0 1
0 1 1 1 0 1
1 1 1 1 0 0
1 0 0 0 1 1
1 1 1 0
1 1 1 0
1 0 0 0
0 1 0 1
0 1 0 1 0 1
0 1 1 1 0 1
1 1 1 1 0 0
1 0 0 0 1 1 1 1 0
1 1 1
1 1 1 0 0 0
0 1 0 1 0 1
0 1 0 1 0 1
0 1 1 1 0 1
1 1 1 1 0 0
1 0 0 1 1 0
1 1 1 0 0 0
11 0 1 0 1
Fig. 2. Two horizontal (upper figure), diagonal (middle figure), and vertical (lower
figure) overlapping matrices
As an example, the following to matrices are non-overlapping:
5

1 1 0 0 1 0 0 1 0 0
0 1 1 0 0 1 0 1 1 0
0 1 0 0 1 1 0 0 1 0
1 1 1 1 1 0 0 0 0 0




1 1 0 0 1 0 0 1 0 0
0 0 1 0 1 1 0 1 1 0
1 1 0 1 1 0 1 0 1 0
1 1 1 0 0 0 0 0 0 0

 .
We now define a set of variable dimension matrices, using strings of a same
length s of V s,(k) as rows of a matrix. In the following, the two matrices C and
D of dimension m1 × s and m2 × t, respectively, are constructed with the rows
C
s,(k)
i ∈ V
s,(k) and D
t,(k)
j ∈ V
t,(k), with i = 1, 2, . . . ,m1 and j = 1, 2, . . . ,m2.
C =


C
s,(k)
1
C
s,(k)
2
...
...
C
s,(k)
m1


D =


D
t,(k)
1
D
t,(k)
2
...
D
t,(k)
m2


It is not difficult to show that C and D can present neither diagonal overlap
nor horizontal overlap. If this were not the case, that is, if C and D had a hori-
zontal or diagonal overlap, then there would be a prefix or suffix of some D
t,(k)
j
overlapping with some suffix or prefix of some C
t,(k)
i , against the hypothesis that
V
(k)
n is a non-overlapping set.
Unfortunately, in the case C andD have the same number of columns (s = t),
then the two matrices can present a vertical overlap, as showed in the following
example:
C =


1 1 1 0 1 0 0 1 1 0 0 0
1 1 1 0 1 1 0 1 1 0 0 0
1 1 1 0 1 1 0 0 1 0 0 0
1 1 1 0 1 0 1 0 1 0 0 0
1 1 1 0 1 0 0 1 1 0 0 0
1 1 1 0 0 1 1 0 1 0 0 0
1 1 1 0 0 1 0 0 1 0 0 0


D =

1 1 1 0 1 1 0 0 1 0 0 01 1 1 0 1 0 1 0 1 0 0 0
1 1 1 0 1 0 0 1 1 0 0 0

 =


C
12,(3)
3
C
12,(3)
4
C
12,(3)
5


It may also happens that a matrix D has the first h rows equal to the last
h rows of C, so that a vertical overlapping occurs again. In order to avoid these
6kinds of overlaps we put a constraint in the first and in the last row of each
matrix. In particular, all the matrices with the same number of columns must
have the same first row and the same last row, different one from each other.
Also, these two selected rows cannot appear as inner rows of any other matrix
with that number of columns. In other words, we force:
– the top and bottom row (T and B, respectively) of all the matrices with the
same number of columns to be the same for each matrix;
– the rows T and B not to occur in any other line of the matrix.
More precisely, the matrices C with the same number s of columns must have
the following structures:
C =


T s,(k)
C
s,(k)
2
...
...
C
s,(k)
m1−1
Bs,(k)


with C
s,(k)
j 6= T
s,(k), Bs,(k), for j = 2, 3, . . . ,m1 − 1, and C
s,(k)
j , T
s,(k), Bs,(k) ∈
V s,(k). It is not difficult to convince ourselves that fixing the first and the last
rows do not allow the occurrences of the vertical overlapping described above.
Moreover, in order to construct a matrix with the strings of V i,(k), it must be
|V i,(k)| ≥ 2. So, i ≥ 2k + 3.
From the above discussion, it appears that there are no constraints in the
choice of T s,(k) and Bs,(k) among all the possible strings in V s,(k). For an ex-
ample, we present the case T s,(k) = 1k0u10k with u = 1010 . . . having suitable
length, and Bs,(k) = 1k0v10k with v = 0101 . . . having suitable length, or, more
precisely, u = (10)
s−2k−2
2 and v = (01)
s−2k−2
2 if s is even and u = 1(01)
s−2k−3
2
and v = 0(10)
s−2k−3
2 , if s is odd. In Figure 3, we show some non-overlapping ma-
trices with k = 3 and number of columns n = 9, 10, 11, 12, 13. Note that in each
group, the first (last) row of each matrix is the same, according to our particular
choice. Moreover, the inner rows can be repeated within the same matrix.
Collecting our results, we define the set V
(k)
m,n of non-overlapping matrices
having at most n columns and at most m rows:
Definition 3. Let
V(k)m,n =
⋃
2≤h≤m
2k+3≤s≤n
M
(k)
h,s
7n = 9
(
1 1 1 0 1 1 0 0 0
1 1 1 0 0 1 0 0 0
)
n = 10
(
1 1 1 0 1 0 1 0 0 0
1 1 1 0 0 1 1 0 0 0
)
n = 11
(
1 1 1 0 1 0 1 1 0 0 0
1 1 1 0 0 1 0 1 0 0 0
)
,


1 1 1 0 1 0 1 1 0 0 0
1 1 1 0 0 1 0 1 0 0 0
1 1 1 0 1 1 0 1 0 0 0
1 1 1 0 0 1 0 1 0 0 0



1 1 1 0 1 0 1 1 0 0 01 1 1 0 1 0 1 1 0 0 0
1 1 1 0 0 1 0 1 0 0 0

 ,


1 1 1 0 1 0 1 1 0 0 0
1 1 1 0 0 1 0 1 0 0 0
1 1 1 0 1 1 0 1 0 0 0
1 1 1 0 1 1 0 1 0 0 0
1 1 1 0 0 1 0 1 0 0 0

 , . . . . . .
n = 12


111010101000
1 1 1 0 0 1 0 1 1 0 0 0
1 1 1 0 0 1 0 0 1 0 0 0
111001011000

 ,


111010101000
1 1 1 0 0 1 0 0 1 0 0 0
1 1 1 0 1 1 0 0 1 0 0 0
111001011000



1110101010001 1 1 0 1 0 0 1 1 0 0 0
111001011000

 ,


111010101000
1 1 1 0 0 0 1 0 1 0 0 0
1 1 1 0 1 1 0 0 1 0 0 0
1 1 1 0 1 1 0 0 1 0 0 0
111001011000

 , . . . . . .
n = 13


1110101011000
1 1 1 0 0 1 0 0 1 1 0 0 0
1 1 1 0 0 1 0 1 1 1 0 0 0
1 1 1 0 0 1 0 0 1 1 0 0 0
1110010101000

 ,


1110101011000
1 1 1 0 0 1 1 0 0 1 0 0 0
1 1 1 0 0 1 1 0 0 1 0 0 0
1110010101000




1110101011000
1 1 1 0 1 0 1 0 1 1 0 0 0
1 1 1 0 1 1 0 1 0 1 0 0 0
1 1 1 0 1 1 0 1 0 1 0 0 0
1110010101000

 ,


1110101011000
1 1 1 0 1 0 0 1 0 1 0 0 0
1 1 1 0 1 1 0 1 0 1 0 0 0
1 1 1 0 1 0 0 1 0 1 0 0 0
1 1 1 0 1 0 0 1 0 1 0 0 0
1110010101000


, . . . . . .
Fig. 3. Some non-overlapping matrices with k = 3 and variable dimension
8where
M
(k)
h,s
=




Ts,(k)
A
s,(k)
2
.
.
.
A
s,(k)
h−1
Bs,(k)


∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
A
s,(k)
i
, T
s,(k)
, B
s,(k)
∈ V
s,(k)
and A
s,(k)
i
6= T
s,(k)
, B
s,(k)
for i = 2, 3, . . . , h− 1


For the above arguments, we have the following proposition:
Proposition 2. The set V
(k)
m,n is non-overlapping.
4 Cardinality
The number of matrices in V
(k)
m,n strictly depends on the number of rows
different from the first and the last one. Each inner row is of the form 1k0u10k,
where 0u1 is a binary string avoiding 0k and 1k. Denoting by Rℓ(0
k, 1k) the set
of binary strings starting with 0, ending with 1, and avoiding 0k or 1k, and with
r
(k)
ℓ its cardinality, from the construction of the set V
(k)
m,n, we deduce that its
cardinality is:
|V(k)m,n| =
m∑
h=2
n∑
s=2k+3
|Mh,s| =
m∑
h=2
n∑
s=2k+3
(
r
(k)
s−2k − 2
)h−2
=
m∑
h=2
n−2k∑
s=3
(
r
(k)
s − 2
)h−2
.
(1)
It is known [7,11] that
r
(k)
ℓ =


1 if ℓ = 0
f
(k−1)
ℓ−1 + d
(k)
ℓ
2
if ℓ ≥ 1 ,
where f
(k)
ℓ are the k-generalized Fibonacci numbers
f
(k)
ℓ =


2ℓ if 0 ≤ ℓ < k − 1
k∑
i=1
f
(k)
ℓ−i if ℓ ≥ k ,
and
d
(k)
ℓ =


1 if (ℓ mod k) = 0
−1 if (ℓ mod k) = 1
0 if (ℓ mod k) ≥ 2 .
9The first terms of the last sequence are:{
d
(k)
ℓ
}
ℓ≥0
=
{
1,−1, 0, 0, . . . , 0︸ ︷︷ ︸
k−2
, 1,−1, 0, 0, . . . , 0︸ ︷︷ ︸
k−2
, 1,−1, 0, . . .
}
,
so that −1 ≤ d
(k)
ℓ ≤ 1 and, from (1), we deduce
m∑
h=2
n−2k∑
s=3
(
f
(k)
s−1 − 5
2
)(h−2)
≤ |Vn,(k)m | ≤
m∑
h=2
n−2k∑
s=3
(
f
(k)
s−1 − 3
2
)(h−2)
,
showing that the number of non-overlapping matrices we defined grows fast.
We conclude this section with a short discussion about the so called non-
expandability. First of all we recall its definition in the framework of strings:
Definition 4. Let X be a non-overlapping set of strings and Xn be the subset
of X containing the strings having length at most n. For any fixed n, we say that
Xn is non-expandable if and only if for each self non-overlapping string ϕ having
length at most n, with ϕ /∈ Xn, we have that Xn ∪ {ϕ} is not a non-overlapping
set.
The set V
(k)
n is not non-expandable. It is not difficult to check that for each string
w = 1⌈
ℓ
2⌉0⌊
ℓ
2⌋, ℓ = 2k, 2k + 1, . . . , n the set V
(k)
n ∪ {w} is still non-overlapping.
For what non-overlapping matrices is concerned, we have the following defi-
nition:
Definition 5. Let Y be a non-overlapping set of matrices and Ym,n be the subset
of Y containing the matrices having at most m rows and n columns. For any
fixed m,n, we say that Ym,n is non-expandable if and only if for each self non-
overlapping matrix U having at most m rows and n columns, with U /∈ Ym,n, we
have that Ym,n ∪ {U} is not a non-overlapping set.
Also in the case of our set we have that V
(k)
m,n is not non-expandable. Indeed,
for each matrix W =
(
T s,(k)
1⌈
s
2⌉0⌊
s
2⌋
)
, with 2k + 3 ≤ s ≤ n, the set V
(k)
m,n ∪ {W}
is still non-overlapping. However, in a possible application we believe that non-
expandability is not decisive for a set of non-overlapping matrices. For example,
in the case of template matching we believe that a large amount of template
images could be more useful than having a template images set which is non-
expandable. Furthermore, if a set of non-overlapping matrices is non-expandable,
another problem immediately arises: which is the maximal set? Often, the answer
to this matter is a hard challenge and seems to be so, even in the case of non-
overlapping matrices.
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5 Further developments and conclusion
On a closer inspection, the definition of the set V
(k)
m,n does not depend on the
particular set V
(k)
n of non-overlapping strings we used. Actually, the crucial point
is the constraint on the first and last rows which must be the same for all the
matrices with the same number of columns. Therefore, once a particular set of
variable length non-overlapping strings is defined, it is possible to generate a set
of non-overlapping matrices with variable dimension with the same technique.
In [16], a different set of variable dimension strings constructed via Dyck
paths is proposed. It is the set Dn:
Dn =
⌊n−22 ⌋⋃
i≥0
{1ω0 : ω ∈ D2i}
where D2i is the set of Dyck paths of length 2i.
Given u, v ∈ Dn, this time u can be an inner factor of v, as showed by the
strings u = 11101000 and v = 1110011101000100 = 11100u100. Note that the
definition of non-overlapping strings does not involve inner factors. So, if we
admit this kind of overlapping, we have [16]
Proposition 3. Dn is a variable length non-overlapping set of strings.
Starting from here and following the same steps of Section 3 we define the
set Dm,n of non overlapping matrices with variable dimension having at most m
rows and n columns:
Definition 6. Let
Dm,n =
⋃
2≤h≤m
2≤s≤⌊n2 ⌋
Mh,2s
where
Mh,2s =




T 2s
A2s2
...
A2sh−1
B2s




with
– T 2s = 1u0, B2s = 1v0, u, v ∈ D2s−2;
– A2si = 1ω0, ω ∈ D2s−2;
– A2si 6= T
2s, B2s;
The following proposition holds.
Proposition 4. The set Dm,n is non-overlapping.
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We note that each matrix of the above set contains the same number of 1’s
and 0’s. Moreover, its cardinality can be easily deduced from the fact that, de-
noting with Cn the n-th Catalan number counting the Dyck paths of semilength
n, the i-th inner rows of a matrix with 2s columns is enumerated by Cs−1. Then:
|Dm,n| =
m∑
h=2
⌊n2 ⌋∑
s=2
(Cs−1 − 2)
h
.
We conclude with a general consideration about the construction of our sets
of non-overlapping matrices with variable dimension. We followed a different
approach with respect to the one used in [1],[4] or in [6],[7],[8], as mentioned
in Introduction. Here, we simply use existing sets of particular strings which
are non-overlapping and having variable lengths, and then we transfer these two
characteristics to a new set of bidimensional objects (matrices), generalizing two
typical concepts of linear structures (strings). In this way, the construction of the
matrices is easy and straightforward, moreover it allows an easy enumeration.
As a further development, it could be interesting to investigate about the
possibility to list the matrices in a Gray code sense, following the studies started
in [9],[12],[13],[14],[15], where different Gray codes are defined for several set of
strings. Clearly, the variable dimension of the matrices has to be considered in
a possible definition of a suitable Gray code.
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